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1. Introduction

The Putzer Algorithm is a method for analytically
evaluating matrix exponentials using only eigenvalues
and components in the solution of a relatively simple
linear system. It is particularly useful for matrices that
cannot be diagonalized because it avoids the use of
Jordan canonical form (for more details see [1] and
[2]). Many researches have conducted so far about
some application of Leonard Il theorem (for details see
[3], [4] and [5]). The putzer algorithm is not a method
to solve differential equations’™ but also it used to solve
impulsive differential equations (for more details see
[6]). According to these studies, this paper will show
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the comparison between these methods on both linear
and nonlinear differential equations.

2. Homogeneous linear ordinary differential
equations

Theorem 2.1 (Putzer algorithm) [1]: Let A be an n x
n matrix with egivenvalues 1,, 1,, ..., 4,,, then

n

edt = Z T3 () Pr—q

k=1
and

P(A) = det(Al — A) = (A — 1) (X = A,) . (L — 1)
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Where

Py=1
and
P,=A—-AD)P,_,,for=1,

let

() =41 (), n(0)=1fork>1
and

1 (t) = i (8) + 11 (2), 1 (0) = 0.
Proof:
Let

n

() = Z 73 (t) Pe—1,
k=1

n

0(0) = ) 4o (0)Pes

k=1
?(0) =1,(0)Py +1,(0)P; + -+ + 1, (0) P,y

:1*P0+0*P2+"‘+0*Pn_1:P():I
n

B0 = ) F(OPer =1 (OPo+ ) H(OPs
k=2

k=1

= 1 (OPo + ) [Ari(®) + 11 (1P

k=2

=nr ()[4, Py] + Z T (O [ A Pr—1] + Z Te—1(E)Pr—q
k=2 k=2

=1 (t)[AP, — Py]

n
+ Z 1 () [APy_1 — Pyl
k=2
n
+ Z Tie—1 (€) Pe—q
k=2

= A (OPy + ) 1 (OPa] + TP
k=2

n
= AZ Tk(t)Pk_1 +0
k=1

=AQ() ; O(t) = et
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Assume that A isan n x n matrix with characteristic
polynomial function det(Al —A) = (1 — 2",
then the functions r; (t) for which

n

et = n(O)(A-AD*

k=1
To show that: let P(4) of given by as

P(A) = det(A — A1)*™t = (A = A)(A = Ag) . (A —
/‘10); /‘1 = Ao, /‘10, . ,PO =]

and
P =(A— APy for=1,
let
() =41, (0) =1, 4 = 4,
% = A1 (t) = dr—:l = dodt = Inr, = At + ¢ =
r = e’ot,

75 (t) = A1, () + 1y (0),
and
17,(0) = 0, 7,(t) = Ay, (t) + e?ot
Multiplying throughout by the integrating factor

et i, (t)e Mot — Ao, (t)e ot =1,

d
a(e"lotrz(t)) =1= e Min(t)=t+c = nr(t)

= tehot

Theorem 2.2 [2](Leonard 1). Let A € R™™ be a
constant matrix with characteristic polynomial

p(QD) =det(Al —A) =2+ ¢ AV 1+ o+ A+
Co»

Then, ®(t) = e is the unique solution to the nth-
order matrix differential equation.

O (t) + ¢ @) + - +
;@D (t) + co®@(t) =0

With initial conditions

®(0) =1,0D(0) =A4,.., d™2(0)
= A2, o(=(0) = A,

Proof: By [2].
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Theorem 2.3 (Leonard I1) . Let A€ R™™ be a
constant matrix with characteristic polynomial
pQD) =det(Al —A) ="+ ¢ AV 1+ o+ A+
co- Then

et = xo(O)1 + x, () A + x,(£)A% + -
+ x,_1 (DA™,

Where x,(t), k € Z,, are the solutions to the nth-order
scalar ODEs

XMW () 4 ¢ xXPVE) + - 4 e xD(E) + cox(t)
=0,

Satisfying the initial conditions
xP(0) = 8-y for j,k € 2, (x7(©) = % (1)),
Proof: Follows from

Example 2.1. Suppose that

3 2 2
A=|1 4 1
-2 -4 -1

Which has the eigenvalues 4, =1,4, =2,1; = 3.
Begin by assuming distinct eigenvalues for A. The
general solution to the third-order linear homogeneous
ordinary differential equations.

x®) + c;x@ () + cxD (@) + cox(t) = 0
With characteristic roots 1,2,3 are
x(t) = aget + a;e?" + a,e3t
xD(t) = aget + 2a,e?t + 3a,e3t
x@(t) = apet + 4a,e? + 9a,e3t .

Where, ay, a; and a; are constants, it is easy to
determine them by using the initial conditions, for the
initial conditions x(0) = 1, x(0) = 0, x2(0) =0 ,
we obtain the linear systems.

a0+a1+a2 = 1,
a0+2a1+3a2=0,
(21 + 4'a1 + 9a2 = 0,

After solving this system, we obtain a, = 3,a, =
—3,a, = 1. Thus, the particular solution in this case is
xo(t) = 3et — 3e?t + e3¢,

LJS Vol. 26, No. 02 (2023) 18-26

Now, by changing the initial conditions to x(0) = 0,
xW(0) =1, x%(0) = 0, then we have the following
system.

ao+a1+a2:0,

a0+2a1+3a2=1,
a0+4’a1+9a2 = 0,

by solving the system we get a, = %S,al =4.a, = ‘73

Thus, the solution in this case is x,;(t) = —get+

3 3t

4e%t —Z¢
2

If instead the initial conditions are given as x(0) = 0,
xW(0) =0, x2(0) = 1, we have the linear system of
equations.

ay+a, +a, =0,
a0+2a1+3a2=0,
a0+4a1+9a2:1,

Which has the solution a, = % a; =-1,a,= % Thus,

x,(t) = %et —e?t 4+ %ee’t.
Via Leonard Il we must have:
e4t = xo ()] + x; (A + x,(t)A?

_eZt + e3t _eZt + ze3t _eZt + e3t

—et +2e?t —2ef +2e? —2et+42e%
P At —
et —edt 2et — 2e3t 2et — 3t

Example 2.2. Find e4t using the putzer algorithm
where

3 2 2
A=|1 4 1
-2 -4 -1

The solution:

2
eAt = zk_lrk (Opr-1 =11 (O)po + 12(Op1,

10 0
p0=1=<0 1 0)
0 0 1

And
p1=(A—41Dp, , P2=@A-A4Dp, , pD) =
A-3 =2 -2
detAl —A)=| -1 1-4 -1]|=0 , A=
2 4 A+1
1,/12=2,/13=3
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2 2 2 0 0 0
-2 -4 =2 -2 -4 =2

dry(t)
— - =An()
and

drl )

rn0)=1=—"==dt =) = e,

dr2

= A,r(t) +rand r,(0) =0 , =2 =2r,(t) = e~ ¢

Multiplying throughout by the integrating factor e ~2¢,

dry d(rz()e %)

—Ze 2 _2r,(t)e ¥ =t = =el=
dt dt
_ _ ot d
rnt)e 2 =—et+c=n(t) = —et +e7%, fz
Aty + 13
and

7,(0) =0 , @— 3r(t) = et +e%

Multiplying throughout by the integrating factor e =3¢,

dry _ _ _ d(rs(t)e 3¢t _
e Bt _3r,()e 3 =e t = d0s@eTT) -t _
dt dt
o2t

_ 1
= nr(t)e 3 = —e t—;e 2t e=rn() =

1 1
Zet+-e?t o3t

AL = pory + i1y + P13

—et +2e%t —2ef +2e? —2ef+2e?%
At _
e _eZt + e3t _eZt + Ze3t _eZt +e3t
et —edt 2et — 2e3t 2et — g3t

Example 2.3. Suppose that

2 1 0
0 2 0
01 2

A= € R3*3

Which has the eigenvalues A, = 2,1, =2,1; = 2.
Begin by assuming equal eigenvalues for A. The
general, solution to the third-order homogeneous
ordinary differential equations is such that

x® () + c,x@ () + ¢ xD(E) + cox(t) = 0

With characteristic roots 2.
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x(t) = (ap + a t + t*)e?t
xD(t) = 2a,e?t + a,e?t
xPD(t) = 4aye? + 4a,e? + 2a,e?t

For the initial conditions x(0) =1, x™(0)=
0, x®(0) = 0, we obtain the linear system.
ao = 1
Zao + a1 = 0
4‘a0 + 4a1 + Zaz = 0,

the solution yields a, = 1,a; = —2,a, = 2. Thus, the
solution in this case is x,(t) = e?t — 2te?t + 2t2e?,

Now, by changing the initial conditions by x(0) = 0,
xW(0) =1, x®(0) = 0, we obtain the linear system.

a0=O
2a0+a1=1
4ay + 4a, + 2a, =0,

by solving the system, we obtain a, = 0,a; = 1,a, =
—2. Thus, the solution can be written as x;(t) =

2t _2t2e%t, Now, if instead the initial conditions
x(0) =0, x¥(0)=0,x®(0) =1, we obtain the
linear system.

a0=O
2a0+a1=0
4ay + 4a, + 2a, = 1,

the solution yields a, =0 ,a; =0 ,a, = % Thus, the
solution in this case is

x,(t) = %tze”.
We have:

et = xo ()1 + x, (A + x,(t)A?
1 ¢t 0
et = (0 1 0)
0t 1
Example 2.4. Find e4t using the putzer algorithm if

=10 2 0
0 1 2

210]

The solution:
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3
et = Z T (O)Pr-1
k=1
=11(t)py + r2(O)p; +13()P2,

1 0 0
p0=1=<0 1 0),
0 0 1

and p; = (A— A4 Dpo, P2 = (A—A,Dpy

1-2 1 0
p(D) =detl —A)=| 0 A-2 0 |=0,
0 1 A-2
01 0
A =2,1=2,1;=2. p1=<0 0 0) and
01 0
0 0 0
p2=<0 0 0)
0 0 0
DO = Ln(@®  and r1(0)=1=>drrl—1(t)=dt:>
r(t) = e,

22 = Jory () + 1 and 75(0) = 0, 52— 21, (t) = €2

Multiplying throughout by the integrating factor e ~2¢,

=2t
a1z g2t _ 2r,(te * =1= ar®e™™) _ 1
dt dt
rt)e %t =t + c = r,(t) = te?t, %3 =313+ 1,
and

7,(0) =0 ,%— 2r3(t) = te?t

Multiplying throughout by the integrating factor e ~2¢,

=2t
s g=2t _ 2y (£)e~2t = ¢t = LW ) Do
dt dt
2
ry(t)e 2t =%+c=>r3(t) =§t2€2t, et =
PoT1 + D172 + D273
1 t O
edt=e2l0 1 0]
0 t 1
Example 2.5. Suppose that
0 1 0 O
-1 0 0 O 4x4
4=1o o o 1|F
1 0 -1 0

Which has the eigenvalues A, =i,1,=1i,4;=
—i,A, =—i. Begin by assuming imaginary
eigenvalues for A. The general, solution to the fourth
order homogeneous ordinary differential equations is
given by.
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x® () + c5xP () + x@ () + c;xP(8) + cox(t)
=0

With characteristic roots +i, +i

x(t) = (ap + a;t)e® + (a, + azt)e™
V(@) = iage't + a el —iae ™ + aze — itaze” + ita et
xP() = —aype’ + 2ia e — aye ™ — 2iaze” — taze” — ta, e’

x®(t) = —iaje’ — 3a.e' +iaye™ — 3aze~* + itaze” — ita et

For the initial conditions x(0) = 1, xV(0) =
0,x®(0) =0, x®(0) =0, we get the following
system.

ap+a, =1
iag+a, —ia,+a; =0
—ay + 2ia; —a, — 2ia; =0
—iag —3a, +ia, —3a3 =0
the solution yields a, = i a; = —ii,a2 = %,ag = ii.
Thus, the solution in this case is x,(t) = ée“ —

1. i 1 1. —i
—itet +-e " +-jte™¥,
4 2 4

If instead the initial conditions x(0) = 0, x(Y(0) =
1, x®(0) = 0 ,x®(0) = 0 we have the linear system
of equations.

ay+a, =0
iap+a; —ia,+a; =1
—ay + 2ia; —a, — 2ia; =0
—iay — 3a, +ia, —3a; =0

. . 3. 1 3.
the solution yields a, = —Jha = - =l ay =

— % Thus, the solution in this case is x; (t) = — Z ielt —

1 i 3. _j 1 —i
—tet +>je ™ —~te ¥,
4 4 4

If instead the initial conditions x(0) = 0, x(V'(0) =
0,x2(0) = 1,x® = 0. we obtain the following
system.

ag+a, =0
iag+a, —ia, +az; =0
—aq + 2iay —a, — 2iaz =1
—iay —3a, +ia, —3a; =0

the solution yields ay = 0 ,a; = —%i, a, =0,a; = %i.
Thus, the solution in this case is x,(t) = — % ite't +
iite'“.

apg+a, =0

ia0+a1_ia2+a3=0
—ag + 2iay —a, — 2iaz; =0
_iao - 3(11 + iaz - 3a3 =1
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conditions x(0) = 0, x(0) = 0,x%(0) = 0 x® = dr;t(t) Airy(t) andr(0) = 1= ——— d”(t) =dt =
1 we have the linear system of equations. The solution

. r(t) = e,
yields a, = —ii a, = —% ay = %i. az = —i.Thus, !
the solution in this case is = A1 (t) +rpand ,(0) = 0 drz —in,(t) = et
x3(t) = —%ie“ - ite“ +iie‘“ - ite‘“. Multiplying throughout by the integrating factor e =%,
We follow same procedure, to obtain: drz %2 =it _ jp,(¢)e it = 1 = —d(rz(;):_it) =1=
et = xo ()] + x, (A + x5 (1) A2 + x5(£) A3 = e =t +c = n,(t) = te,
cos(t) sin(t) 0 0 drs _ ars | — it
( Son(d cos(®) 0 0 \ o = Tt and r3(0) =0 , o T (t) =te
t . 1, t . i
25in(®) 2SIn(®) —zcos(t)  cos(t)  —sin(r) |: Multiply throughout by the integrating factor e,
\% sin(t) + %cos(t) %sin(t) —sin(t) cos(t) ]
dry . . . d(r;(t)e') .
t ; t — 2it — 2it
Example 2.6. Find e using the putzer algorithm if 2 & Timet =t = ————=te*
_01 (1] g 8 = r3(t)et = —%item+%e2“+c=r3(t) =
A= 1 ie Y. it 1 it
0o 0 o0 1 2 € 5 ite Ze
1 0 -1 0 . .
ary T4
. =1 andr,(0) =0— t)y=-e'* —
The solution: o~ MalatTs 17‘4( )= O 2+ in () =
_ltelt _ _e—lt
4 2 4
eAfzz 7 (O)Pr—1 = (®)po + 12 (O)py +13(t .
k=1 K(OPi1 = 11 (BPo +72(Ops +75(0)p2 Multiplying throughout by the integrating factor e,
+1.(t)ps,
e dry . 1,1
1 0 0 O Eel +in(t)et =Ze t _Elte -
;-0 1 0 0 d(r,(t)et)
P=I={g o 1 ¢ =
0 0 0 1 1 1
— _eZI.t _ _iteZLt _
And p; = (A—A4Dpy  p2=([A—24Dpy, p3 = 4 2 4
(A= 2A3D)p,, . 1 .t .t
= n(t)elt = ——je?t ——e?t —— 4 ¢
0 1 0 0 4 4 4
1 0 0 O 1, 1, ¢ 1, i, 1. _j
p(ﬂ_):det(ﬂ_]—A): 0 0 1 =0’11= =>r4(t)=_zlelt_ztelt_zte Lt+zl€ Lt7
1 0 -1 0 At _
LAy =i,A5 = —i, A4 = —i., e”" =pory + P11y + Paol3 + P3ly
—-i 1 0 0 cos(t) sin(t) 0 0
-1 =i 0 0 —sin(t) cos(t) 0 0
by = 0 0 —i 1) p2 et = %sin(t) %sin(t)—%cos(t) cos(t) —sin(t)
1 0 -1 —Z_i i 0 0 %sin(t) +%cos(t) %sin(t) —sin(t) cos(t)
(2 -2 0o o
1 0 -2 =2i/
-2t 1 20 =2 3. Non-homogeneous linear ordinary
0 0 00 differential equations
o o o0 o0
Ps=\ i 1 0 o0 _ .
1 —i 0 0 Theorem 3.1: If @(t) is a fundamental matrix for

x(t) = A(t)x(t), then the solution of
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{x(t) = A(®)x(t) + b(t) and

t) =
s x,(t) = 0(8) [, 871 (5)b(5)ds.

is
4 1 3e3t _ 2e4t _(3e3t _ 3e4t)
¢ 07 (x) = 7[ 3t 4t 3t 4t
x(t) = 0()(@ T (V)E + f @~ (s)b(s)ds) e’t[2e”" —2e™ —(2e7 —3e™)
A
-1 Mo
Proof: 9~1(0) = [0 1],
Put x(t) = @)y (L), so that Thus,
. . . _[—2e3t + 3e*t 3e3t—3eft]11 071797 _
£(6) = 9(O(@) + By #(0 = | _Jest 4 26t 363 — seallo I01=
= 0y (®) + (ADD(®))y(®). [—6e3f + 153‘“]
. . ) —6e3t + 10e*t[’
Because @(t) is a fundamental matrix also x(t) =
AW®x(@®) +b = A@)(B(t)y(t)) + b so that x(t) =
B(BY() = b,y(t) = 671 (Db(2), with & = 2 ser serger) ['1 3 -2 —Ge 36 o8]
(D(/l)y(/l) because x(1) = £ s0 YOO — @—1(1)5, —2e3t + 2e* 3e3t —2e] ), e75[2e35 —2e? —(2e% —3e®)/] 4
— t. — -1 t. e3t — 3e#)(2et — 2t — 4e-3t ett — (263 — 3e™)(3et — et — 473t et
y(t) - y(l) + fa y (S)ds - ® (A)E + fl y (S)ds S0 = [E;em—;e‘“%ge‘—ez‘—:e’miie‘":B— geﬂ—ze‘“;ge‘—ez‘—:e’“:;e‘“:g;

t
x(t) = @)y (t) = B(¢ ((25_1/1 + [y sds)z
=00y = 900 (975 + [{3 0 Then x(®) — x.( + 5.6 =
-1 -1
Q) (t) (@ (l) f + f}' Q) (S) b (S) ds) . (—6€3 + 15e) + (3e3! — 3e!)(2e! — €2 — 4e73t 4 2e 4 1) — (2e3 — 3e*)(3e! — 2! — 4e73! + et 4 5)
(—6€3 + 10e*) + (3e3 — 2e%t)(2e — e?* — 4e73 + 2e* + 1) — (2€% — 2e*)(3et — e — 4e73t + 3e + 5)

Example 3.1: Find the unique solution of Example 3.2. Find the unique solution of x = Ax(t) +

{X(t) zé)))c(i); b(®) such that b(t) such
— X 5t
a=[5 Pleo=[Te=[}] a=[; 716)+(,)
Solution:

Solution: e4t = Y2 _ 1, (£)Py_1 = 11 () Py + 1, ()P,

;-1 0 N _ 6= =3 _ o
Py=1= [0 1] and det(A— A = | 5 1 _/1| = 0 implies A,
=3 ,lz =4
6—-41 =3 ]_ s _ _ 1 at 3\ Jat
2 /1| =0 . This implies that 1, =3 and xc = a,(t) (1)6 + ay(t) (2) e
3 =371 «a .
=4 p = [2 _2], f = A1y, since 1 (0) =1, Where a, and a, are any arbitrary constants. Let x, be
% = 3r, which implies r, (t) = €3t and % =A,n, + in the from
r; since 1,(0) =0, % — 47, = €3t which implies %, = ay (t) (1) 3t
7, (t) = (—e3t + e*).
? + a,(t) (;) e*t 3.1
Thus,
Substitute in (3.1) , we get
ar _ [—2€3" + 3e*t 3e3t — 3ett G g
¢ T 263t 4 2ett 3e3t — 2ett| 1\ 3¢, - 1 3¢ 3\ at
3a,(t) (1) et +a,(t) (1) e>t + 4a,(t) (2) e

@ is a fundamental matrix of ) 3
+ a,(t) (2) e3t
x(t) = A(t)x(t) + b(¢).

; (6 =3\ ([ ay(t)e3 +3a,(t)e* e5t
x(t) = 0() (@' ()¢ + [, 071 (s)b(s)ds). Let - (2 1 )(3a1(t)e3f + 2a2(t)e4f) * ( 4 )

x1(8) = 0@ (D
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i, (6) (1) e3t 4, (£) (3) o3t
3a;(t)e’" + 12a,(t)e™
* ( 3(1011 (t)ee3t + 8aa2 (t)ee‘” ) -

_ <3a1(t)e3t + 12a2(t)e4f) N (est)
3a,(t)e3 + 8a,(t)e*t 4

a,(t)e3" + 3a,(t)et = et

a,(£)e3t + 2a,(t)e*t = 4
Solve these equations for a, (t) , a,(t) , we get,
a(t) = (e% —4)e™

a,(t) = (—2e% + 12)e~** hence, a,(t) =
[(et —4e ) dt =

a,(t) =et +e*  a,(t) = [(—2e? — 4e73)dt =

—e2t — 473t

xp, = (e’ — 4) (1) + (€5 + 1) (g)
The general solution is

() =a®(})e* +am()
+ e*t(—e> —4) (D
+(e5 +1) (;)

x = a;(t)e3t + 3a,(t)e*t + 25 -1
y = a;(t)e3t + 2a,(t)e*t + et — 2

4. Non-linear ordinary differential equations and

some Applications

If we have a system of non-linear differential equations
(4.1) is called Hopf oscillators as follow:

x=alu—r¥)x— wy}
y=b(u—1r3)y+ wx

Where r = \/x? + y?, n,w,a,b > 0. uand w are the
amplitude and the frequency respectively. Instead of
a and b, the equation (4.1) can be written as

o 2

),C =yl - rz)x - wy} .................. (4.2)

y=yu-1)y+wx

We need to linearize the function by Jacobean

matrix.

................ (4.1)

x=yu—r*)x - wy}
=y -ty +ox) _

A close look into the stabilities and bifurcation both in

Cartesian coordinates and phase space reveals that the
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origin point is the fixed point. By linearizing this
system at the origin point, we obtain

_YH —w
Then, we can obtain the following eigenvalues

A-ywi+w*=0=,=yutio
A =yu+iow
A=y —iw

where y > 0. Interestingly, If u < 0, then our system
is said to be asymptotically stable. If u =0, on the
other hand, then these solutions are said to be periodic
solutions and limit cycles. However, when u > 0, this
system will be unstable. This system, in phase space, is
given by

P =y -

%, = (—e2t — 4e73t) (1) 63&5"':(5)t +et) (3) ot

From the phase space standpoint, we can see that if
y = 1, we obtain

F=Wu-1r)r&d=w
r=0

The only critical point of this system is that r* = 0,
which is the original point. the trajectories depend on
the value of w; if w > 0, then, the trajectories will
move clockwise around the origin, otherwise the
trajectories will move anticlockwise around the origin.
If u = 0and w > 0, then 7 = —r3. For nonzero r, we
have 7 < 0, hence there are no closed orbits and all
trajectories approach the origin as t — o as seen in
figure. 1.

Fig. 1. Clockwise Trajectory Movement: Red curve
correspond to the initial condition (x4(0), y4(0))=(0.3,
0.3), and the blue solution corresponds to the initial
condition (x1(0), y1(0))=(0.2, 0.2). These different
solutions correspond to the values p = 0 and w =

y=1
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5. Conclusion and Future Directions

In this paper, we display a comparison between
Via-Leonard Il theorem and Putzer algorithm theorem
for solving some homogeneous linear ordinary
differential equations and nonlinear ordinary
differential equations. The results obtained show that
gives the unique solution. On the other hand, the
calculations are simpler and faster than in traditional
techniques. The Via-Leonard Il theorem and Putzer
algorithm theorem are two different mathematical
concepts. The Via-Leonard II theorem is a result in
numerical analysis that provides error bounds for
approximating solutions of ordinary differential
equations (ODEs) using a collocation method.

Finally, in this paper, the obtained that given the
exact solution "same solution" on comparison between
Via-Leonard Il theorem and Putzer algorithm theorem
for solving some homogeneous linear ordinary
differential equations and nonlinear ordinary
differential equations. Future part will be concerned
deeper analysis of astudy the comparison between the
Leonard Il theorem and Putzer algorithm for solving
some linear and non-linear difference equations.
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